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Lyapunov Control Law for Slew Maneuver
Using Time Finite Element Analysis
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The Lyapunov control law for the slew maneuver of flexible space structure is designed using a time-domain
finite element analysis. Closed-loop dynamics of the hybrid system is analyzed, expanding the results of open-loop
dynamics on the spatial propagation of the appendage. Lagrange multipliers are included to guarantee the rest-to-
rest maneuver, and the resulting dynamics are solved in the optimization perspective. As a result, the motion of the
rigid/flexible modes is governed by the feedback gains. An efficient parameter optimization method is suggested in
combination with the time-domain finite element analysis. It serves a concurrent general optimization algorithm
that is applicable to partial-state feedback systems. To optimize the gain set of the control system, an energy-based
performance index is adopted, and the gradients of the performance index with respect to each gain are derived.
Several numerical results are shown to demonstrate the result of the integrated modeling-optimization scheme.

I. Introduction

AMILTON’S law has been a key approach in analyzing dy-

namic systems. Application of Hamilton’s law in dynamics
has become a classical alternative in the computer age. Combined
with Bailey’s"? reinvestigationof Hamilton’s law, the time-domain
finite element method is proposed as a new approach to analyti-
cal dynamics.'=® With the development of time-domain finite el-
ement analysis, alternative methods were found for optimization
problems without resorting to the conventional optimization algo-
rithms. Hodges and Bless,” Blesset al..* Hodgesetal.,’ and Lee and
Kim'® are notable works using variations of the performance index
and time-finite elementdiscretization.Oz and Adiguzel suggested a
way to generalize the quadratic performance index in time-domain
finite element analysis.!' However, there exists a problem in the
computational efficiency of the time finite element analysis. The
computational efficiency depends on how complicated the selected
model is and how accurate the analysis will be. From the simple
(but effective) model to a very complicated system, to be capable
of real-time implementation a huge amount of memory and hours
of computational time are required even though the computational
burden can be greatly reduced using the sparsity characteristics of
the constructed matrices. In particular, when the distributed param-
eter system is solved by using the time finite element analysis, too
much processing time is required, which depends on the number
of both time- and space-discrezied finite elements. Our motivation
is to reduce the computational burden in analyzing the distributed
parameter system, for example, flexible space structures, using time
finite element analysis.

Modern optimal control theory allows effective feedback systems
using the full state and/or outputfeedback control methodology.' >~ 4
The theory offers a unique solution correspondingto a certain con-
trol objective with the boundary conditions imposed on the state-
costate pair. It has been applied to almost all kinds of optimization
problems that may be formulated in state space. From the optimiza-
tion perspective, however, it is difficult to maximize the feedback
effect of some specified states. This could happen in the gain opti-
mization of the Lyapunov feedback controllerbecause the variables
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used in the feedback routine are usually a subset of the states. Un-
fortunately, it is very hard to systemize the procedure for this kind
of feedback system. In this case, there would be an optimization
algorithm based on the eigensystem analysis in the time domain to
get a closed-form performance index that, in general, is expressed
as alotof transcendentalterms.'>!'® The ensuing nonlinear dynamic
programmingrequiresa lot of time, and the results are usually sensi-
tive to the initial condition, irrespective of the applied optimization
technique. Also, it is important to calculate the gradient of the per-
formance index with respect to each parameter in the nonlinear op-
timization algorithm, and an efficient optimization procedure would
require a simple and general form of the expression of gradients.
On the other hand, there are many interesting research works on
the optimal slewing of the flexible space structures, only a few of
them are referenced here.!”~'® All of these references were focused
on precision targeting with a great effort to minimize the vibration
during the slew maneuver. In particular, Singhose et al. propose a
robust and simple control algorithm using input shaping.'®

This paper presentsa modeling method of the closed-loopsystem
to slew flexible space structures using time finite element analysis.
Two types of controllaws are used to achieve the mission objectives:
the constantgainfeedbackcontrollaw and the trackingcontrollaw to
follow the referencemaneuver. Both controllaws are designedbased
on Lyapunov’s stability theorem. In open-loopdynamics, the spatial
distribution of the slew angle history can be solved by using a ma-
trix algebraic equation2° Unlike the open-loop system, closed-loop
dynamics requires an explicit formulation of the constraint equa-
tions. To facilitate this, Lagrange multipliers are introduced and the
dynamic equations are augmented so that the whole system may be
solved from the optimizationperspective. As aresult, the slew angle
can be expressedas a function of the selected gain set. Time-domain
discretization is conducted based on Galerkin’s weak formulation
for the case in which the initial displacement and the final momen-
tum of the system are specified.?! A generalizationof the suggested
modeling method shows an advantage: a time-based model reduc-
tion that enables a drastic reduction of the size of the model.

This paper also suggests a method for the parameter optimiza-
tion of feedback control systems for the slew maneuver of flexible
space structures. The proposed method is the conventional opti-
mization theory combined with time finite element modeling. It
provides a general optimization procedure because it uses a time
finite element discretizationof the energy-based performanceindex
combined with the equation of motion also derived by time finite el-
ement analysis. Therefore, an efficient optimizationis obtained with
simple formulations of the performanceindex and its gradients. The
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method is also applicable to the optimization of partial-state feed-
back gains. Several numerical results are demonstrated to verify
the proposed dynamics/optimization procedure using the time finite
element analysis.

II. Equations of Motion
In this section, the dynamics of the closed-loop slewing flexible
structure is investigated. Consider a single-axis planar rotational
maneuver of a flexible space structure with a central hub and four
appendages. The hybrid system of ordinary and partial differential
equations governing the dynamics of this system are??

. . 0? *w(x, t)
pw(x,t) + px6 + ﬁ{EIT} =0 (1)
!
J,0+ 4/ px[W(x, t) + x0]dx = u, (1) 2)

where x is a spatial variable measured from the outer radius of the
hubalongthe undeformedappendageaxis,0(t) is the slew angle, and
w(x, t) is the transverse deflection of the appendage measured from
the x axis. Also, r is the radius of the hub, J;, is the moment of inertia
of the hub, L is the length of the appendage,! =r + L, and u,(t)
is the external torque generated by the reaction wheel mounted on
the central hub. We make an assumption that the flexible appendage
is a Euler-Bernoulli beam that has negligible shear/axial deforma-
tion. Furthermore, the slew motion of the flexible space is assumed
slow enough to neglect the centrifugal stiffening effect. To apply
the Galerkin approximation, we used the weighting function that is
equivalentto taking the variationin Hamilton’s weak principle. Af-
ter multiplying Eq. (1) by the weighting function v and integrating
over the finite time, we obtain

1y 1y 1y
/ pvi}vdt+/ pxévdt+/ EIw®vdt =0 3)

fo fo fo

The first two terms are rearranged using the integration by parts,
where the following rest-to-rest assumption is used:

W(.x,to) =O, W(x,tf) =0, 9(1‘0) =0, Q(tf) =0
“)
) iy )
—/ pwvdt—/ pxévdt+/ EIw®vdt =0 (5)
fo fo fo

Let us apply the time finite element method to Eq. (5). The rigid-
body and flexible coordinates are discretized using the shape func-
tions ¢;(¢) such that

wix, 1) = g (0w, ), vx, 1) = 9, (0)v,(x)
J J

o) =Y _ 4,16 ©)

Note that it can be readily known from Eq. (5) that the selected
shape functions are C' continuous. Also, w;(x) has scalar value in
time but is still a variable in the space domain. This means we have
a spatial degree of freedom to be worked out. By the arrangement
of the terms related to v;, the following matrix ordinary differential
equation is obtained for the structural mode:

—Mw(x) — MOx + Kw®(x) =0 7
where

M;; =/ pdi(1);(r)dt, K =/ Eli(t)¢; (1) dt
At At

/ ()dt
At

where

is the integrationover the ith time finite element. The standard finite
element assembly procedures are applied using initial and terminal
(rest-to-rest) conditions. The boundary conditions applied are in
mixed form using the Dirichlet and Neumann boundary conditions.
Itis notalways possibleto convertthe Neumann boundary condition
into a mixed form because a certain compatibility condition should
be satisfied. The dynamic system’s equivalence of this compatibil-
ity condition (conservationof the equivalent flux) is the momentum
conservation principle. The compatibility condition is satisfied be-
cause the dynamic system always preserves the equivalent linear
and angular momentum in the sense that the rate of the linear and
angular momentum reflects on the sum of the equivalent external
force and moment.

The matrix equation for the slew mode can be obtained by a
similar approach. Multiplying Eq. (2) by the weighting function 9
and integrating by parts with the initial and final conditions, we have

tf tf 1 ty
—/ Jh99dt—4/ / px(w + x0) dx 9dt =/ u.(1)9de
0 Yr

to L]
(8)
After finite element discretization of Eq. (8) using

81 =Y 409,

and arranging the terms related to 9;, we obtainthe following matrix
ordinary differential equation for the slew mode:

T !
—#M9—4M/ xw(x)dx = F, 9
p r

where Jio =J,, + 4p(I> — r3)/3 and the ith element of the vector
FO is

/ u,(1)¢;(r) dt
At

Equation (9) shows that the slew mode is activated by the external
moment and coupled with the flexible mode. Now, the time finite el-
ement method is used to derive a matrix model that has a variablein
space. The modeled flexible space structure has some spatial charac-
teristics. Freezing the time axis and allowing freedom in the spatial
axis have some positive features. Insightis providedon how the var-
ious structural properties, that is, transverse deflection, transverse
angle, and moment and shear, propagate throughout the structure.
Furthermore, the spatial distribution of the actuator force/moment
along the structure can be designed utilizing the degree of freedom
in the spatial domain. The slew motion, however, is only expressed
in time, leaving no extra variables. It is wholly dependenton time.
This vector is affected by how the hub control torque acts and how
severe the coupling effect is between slew and flexible modes.

Now, consider the following generalized eigenvalue problem of
mass matrix and stiffness matrix in Eq. (7):

MP = KPA (10)

where A is the diagonal matrix composed of the generalized eigen-
valuesand P is the modal matrix consistingof the generalizedeigen-
vectors.Note thatthe column vectorsof P forma basis thatdescribes
the time response of the flexible appendage. Let us introduce the
modal coordinate transformation

w(x) = Pyn(x) (11

where P, and P; are the modal matrices that retain a specified
number of eigenvectors, starting from the lowest mode, and the
following normalization equations are used:

PIKP, =1 PIMP, = A,

s
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Using modal coordinate transformation, we obtain the reduced-
order model as follows:

n'Y(x) = Ayn(x) + P] MOx (12)

J 1
—ﬂM0—4MP,,=/ xn(x)dx} =F, (13)
p r

The fourth-order differential equation (12) can be transformed
into the first-order system

y = Ay + Bx (14)
where
0 I 00 0 n
|0 010 o) K
1o oo 1| @=1 o " Y|y
Ay 00 0 PT M6 "

Augmented state vectorsrepresentthe time trajectoriesof transverse
deflection, transverse angle, mechanical moment, and shear force,
respectively. The response of the flexible appendage at an arbitrary
point can be obtained as follows:

r<x=<lI

_Wx>=eﬂ“‘”ya>+t/‘eA“‘QBgda

=" 7y(r) + O ()@ B(6) (15)

where @ is the modal matrix of A, and if 4; is the ith eigenvalue of
A, then

2 (x) =diag{..., g(x), ...}
ai(x) = e e 2+ 11 22} = {xr2; + 11 22)

are the integration of the second term in Eq. (15). Equation (15)
shows that the time trajectory of the structural mode consists of two
terms: 1) the spatially propagated mechanical properties originated
from the root of the appendage and 2) the effect of the hub control
torque combined with peculiar eigenstructure characteristics of the
flexible structure system. Now, the motion of the tip of the flexible
appendage can be obtained as follows:

y(l) =e*'y(r) + O ()®™' B()
= Qy(r) + WB(0) = Qy(r) + 1(6) (16)

Let us define new partitioned state vectors

) = n(x) ("™
W ww) P T e
By the use of these state vectors, Eq. (16) can be rewritten as
1 Q, Q r (7]
61( )>=( I 12)61( )>+(I~11( )) 17
2(D) & Oy 2(r) H2(0)
With fixed-free boundary conditions of the appendage, that is, fixed
at x =r and free at x =/, which is expressed as

0 t

w(r, 1) =0, wx. 1) -0
0x ey

*w(x,t Pw(x,t

Puten| _, Swten

ox x =1 X x =1

therefore, we have
ya(r) = =23 12(6) (18)

Y1) =Qpya(r) + p11(6) (19)

Note thatin Egs. (18) and (19), all of the state vectors are represented
as a function of 6. The information of vector 8 can be obtained by
Eq. (13). Then, the spatial distribution of the mechanical character-
istics of the slewing appendages can be determined by Eq. (15). To
obtain the solution of Eq. (13), the integration

!
/ xm(x)dx

should first be transformedinto a function of 8. The following equa-
tion can be obtained by using Eq. (15):

I I I
/ xy(x)dx =/ AT Dxy(r)dx + / O3 (x)D ' B(0)x dx

= OOD 'y(r) + OEZD'B(0) (20)

where ® and E are the diagonal matrices, respectively, whose di-
agonal terms are represented as follows:

O, ="{1a -1l 22} = {r1a -1l 22}
By =—[@ =32, + @ =) 222] + {r12, + 1] 22}

x{e* (172 =11 22) = (r/2, =11 22)}
Therefore, by substitution of Eq. (18) into Eq. (20),

!
/ xm(x)dx

1
/ xn(x)dx = {H11,44 - 1ﬂ11,3492_21q’34,44}P,,TM@ 21

can be obtained as

where [1=0O=E®~! and ' =POD ™" and matrices I1;; x, Tij 1, and
W, 11 are submatrices consisting of ij rows and kI columns of TT, T,
and 'V, respectively,when the individual matrix is dividedinto4 X 4
square submatrices. For example, 'y 34 means the submatrix of I,
which has the first row and third/fourth column when I is divided
into 4 X4 square submatrices.

Using Eq. (13) and Eq. (21), we obtain the following equation:

_ -1
0= _[(Jlol/p)M + 4MP:7{H11,44 - 1ﬂ11,349221q}34,44} P,7TM] F
(22)

For a given control input u, (), the time response of the slew mode
can be solved explicitly from Eq. (22), and the motion of the flexible
appendage can be obtained from Egs. (14) and (11) with initial
conditions.

III. Slew Maneuver of Feedback Control System

In this section, the rest-to-rest maneuver of a feedback control
system is studied using time-domain finite element analysis. The
model reduction scheme in time-based modal coordinates can also
be applied to a closed-loop system analogous to an open-loop sys-
tem. Two types of control laws are used to develop the time-domain
finite element version for the closed-loop slew maneuver. One is the
constant gain feedback control law?>?* and the other is a tracking
control law based on the optimal torque shaping via a Fourier series
expansion2* Both control laws are designed based on the Lyapunov
stability theory.

Constant Gain Feedback Control Law

There has been much research on the effective control method-
ology for both slewing and vibration control. It is known that the
global stability of the Lyapunov controller is guaranteed irrespec-
tive of the selected gain set when the Lyapunov candidate function
is positive semidefinite and its first time derivativeis negative semi-
definite. The first controllaw is developedby taking a summation of
1) the kinetic energy, 2) the potential energy, and 3) the error energy
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between the target angle and the temporal state for the slew mode,
as a Lyapunov function:

1, 1 s (I
U:alEJhQ +a25(9—9f) + 4as 3 p(Ww + x6)” dx

1 (2w
+ = — ] d 23
2 / p( e ) x (23)
Note that the global minimum of U =0 occurs only at the desired

state. A constant gain feedback control law is derived from Eq. (23);
a detailed derivation of the control law can be found in Ref. 22:

l
(1) = —g{6(t) — 6;} — 8:0(1) — gzi / pxW(x, 1) dx

!
+ / px20(1) dx} (24)

where 0, is the target angle and g; are the gains to enhance the slew
performance. Gains are to be chosen to guarantee the stability of the
closed-loop system such that g; >0, g, >0, and g3 > —4. These
constraints render the time derivative of the Lyapunov candidate
function negative semidefinite. The last term of the Lyapunov con-
trol law, related to the second time derivatives of hub rotation and
spatial displacement,is summarized as a shear and moment applied
to the root of an appendage and can be expressed as follows:

l
—(My — Syly) =/ p(W + x6)dx (25)

In view of the real implementation, strain sensors are used instead
of using the acceleration. It can be derived readily that the root
moment and shear is transferred to the strain at the root of the
appendage. Therefore, the root shear and bending moment can be
measured by conventional strain gauges or piezoelectric sensors.
Strain gauges are used by Junkins et al.,?? and piezoelectric sensors
are used by Suk et al.>> Both experiments show successful results
for slew maneuver and vibration suppression.

By substitutionof Eq. (24) into Eq. (2), the slew maneuver of the
closed-loop system is obtained as

l
[Jm +g / px’ dx} (1) + g20(1) + g,0(1)

!
+ (g3 + 4)/ pxw(x,t)dx =g,0; (26)

Multiplying Eq. (26) by & and integrating over the time give

ty 1
/ = [J + g / px* dx} 6(1) + g,0(1) + g,0(1)

! 1y
+ (g3 +4)/ pxXW(x, t)dx}é)dt =/ 810,8dr (27)

to
After discretizing the preceding equation, we obtain

—Ji t+ g?ﬁ[p(P - r:s)/3]
p

MO + g,CO + iK@
EIl

!
—(g+ 4)M/ xw(x)dx = F(g1) (28)
where

Cij =/ ¢:(D); (1) dr, Fi(g1) =/ 8105¢;(2) dt
At At

Note that matrix C is skew symmetric. It is impossible to perform
model reduction in the rigid mode due to the existence of the slew

rate feedback.On the contrary, the root moment feedbackin the flex-
ible mode emancipates this restriction, which enables the manipu-
lation of the spatial propagation with a small number of structural
time modes. By use of Eq. (28) and some mathematical operations,
the slewing motion of the closed-loop system can be expressed as a
function of the feedback gains as follows:

0(81. 8. 83) = (—{ Vit + &3[p (> = 1*)131}(M/ p)

+&C+ (Q/ENK + (g3 +4)M P,
_ -1
X (H11,44 - 1"11,34922“?34.44)P,,TM) F(g1) (29)

Tracking Control Law

The second control law is designedto follow the referencemaneu-
ver utilizing the Lyapunov stability theorem. To obtain the tracking
control law, the optimal torque shaping maneuver is selected as a
reference trajectory>* The following tracking control law can be ob-
tained from the candidate tracking error energy Lyapunov function:

U (1) = ttrer(t) = g1{0(1) = Ores(1) } = 82{0(2) — Oer(1) )

! ! !
- g3 H/ pxw(x, t)dx +/ pxzé(t) dx —/ px2 dxéref(t)}

(30)

where

2mjt
uref(t) = Za.f sin t]

j f

and 0,.(1) and O.¢(¢) are the reference slew angle and angular ve-
locity of the central hub, respectively, when the reference torque
u(t) is enforced on the rigid structure. The slewing motion of the
closed-loop system becomes

l
[Jm + g3 / px? dx} (1) + g,0(1)

1
+£0(1) + (g5 + 4)/ PXW (X, 1) dX = Uex (1) €)Y

where
1
Ui (1) = tye(1) + 810:s(F) + 820c(1) + g'ﬁ/ pxz dx (1)

Following a similar procedure derived for the constant gain feed-
back control law, we can deduce the time history of the slew angle
as a function of the gain set:

(81, 82, 83) = (—{Jwx + &3Lp(* = r)/31}(M/p) + g,C

+(g/EDK + (g5 + HM P, (T1,, 4

_ -1
- 1ﬂ11,349221 l*’34,44) P,,TM) Foxi(815 &2, 83) (32)

where F comes from the time finite element discretization of the
external input uy,.

Constraint Equations

To completethe dynamic analyses,the matrix algebraicequations
(29) and (32) should be transformed into an optimization problem
with the constraints described hereafter. General optimal control
problems are composed of the performance index and various con-
straint equations such as equality/inequality constraints for both the
state and input. In this study, the equality constraints are dealt with
in the optimization of the feedback gains using time-domain finite
element analysis. Lagrange multipliers are introduced to include
the effect of additional constraints in the performance index. As
a consequence, the resulting constraint equations are merged into
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the augmented performance index. The following constraints are
imposed to perform the rest-to-restmaneuver:

where the final velocity and initial displacement for each mode
have already been imposed during the time-domain finite element
formulation. Thus, the following configurationsare to be includedin
the performance index: 1) the initial slew velocity and 2) the initial
velocity of the appendage.

The constraints for the initial velocity for the slew mode can be
expressed as an algebraic form for a variable vector using the finite

element discretization as follows:

a’6 =0, a = [da(t), ..., du(16),0,...,0"  (34)
Note that the first shape function vanishes in deriving o due to
the initial displacement condition. Similarly, the constraints on the
initial velocity for the flexible mode can be expressed as

0
~"'T,,0 =0, y=[0 PI] (a> (35)
where
Toy = {Wi2 — 21263, ¥} 0 (36)
Oy 12 12549, 122 PUTM

Using Eq. (29), the slew trajectory can be rewritten as a function
of the control gains

To(g1, 82, 83)0 = g/ F, 37

where
{Jo + g3lp(@® = r*)/31}
P

T = -

81
M+ g,C + —K
82 £l

+ (g + 4)MP:7(H11,44 - 1ﬂ11,3492_21 l*’34,44) P,,TM

[F.]; =9f/ ¢; dt
At

Now, the solution for the slew mode is to be revised to accom-
modate the constraint equations (34) and (35). For that purpose,
Eq. (36) is augmented in the optimizationaspect so that the solution
can be found by

minimize||Ty(g1, &2, 83)0 — &1 F/ | (38)
subject to
a0 =0, Ty 0 =0 (39)

The augmented performance index can be defined by using the
Lagrange multipliers x; as follows:

Jo = (10 — g, F)'(Ty0 — g1 F,) + i’ 0 + 1oy T5,0  (40)

We can find the closed-loop slew response using the differentiation
of the performanceindex with respectto @ along with the constraint
equations. The resulting equations also yield the matrix algebraic
form

dJ,
= =0=2T/Ty0 — 28T, F, + oy + T,y (41)
dJ,
d_K =0= OtT0 (42)
1
dJ,
Pl 0=~"Te0 (43)
2

By theuse of Eqs. (41-43),[8” «; ]" canbe obtainedas follows:

o 217 g\ F,
011 =K =T - 0 (44)

i 0

where

XTI Ty o Tiy
.= a 0 0
")’TTgy 0 0

Therefore, the slew history € can be obtained from the augmented
vector @,,.

IV. Gain Optimization for Closed-Loop
Slew Maneuver

In this section, a systematic way of obtaining the optimal feed-
back gains is investigated for the constant gain feedback control
law. The proposed approach provides a general optimization pro-
cedure using time finite element analysis because it uses the time
finite element discretizationof the energy-based performanceindex
combined with the equation of motion also derived by time finite
element analysis. This kind of performance index is natural for dy-
namic systems in that the minimization of the kinetic energy reflects
the suppression of the excitation throughout the movement of the
system. In addition, the minimization of the error energy reflects
the slew motion aims at precision targeting because the error energy
has its minimum at the final target angle. The proposed optimization
procedure has an advantage over the nonlinear dynamic program-
ming because the solution can be extracted from a simple matrix
operation. A well-designed performance index is constructed with
the two objective functions using the time-domain finite element
analysis. The performance index is minimized using the gradient
information.

An appropriate performance index can be defined to achieve ac-
curate targeting while minimizing the vibration energy during the
maneuver. The performance index consists of two objective func-
tions: 1) the slewing error energy against the reference target angle
and 2) the vibration energy of the system during the maneuver. The
first objective function can be expressed as follows:

iy
Ji =qe/ [6(r) — 6,1 dt (45)

The second objective function is included so that the vibration of
the flexible mode can be reduced. In general, the flexural motion is
dominated by the first structural mode. Therefore, the tip deflection
of the appendagedominates the whole spatial motion for the rest-to-
rest maneuver. Especially, the potentialenergy vanishes at this point
by the geometricboundary condition 32w (x, 1)/ 8x> =0. Therefore,
we can concludethat the vibratorymotion of the flexibleappendages
can be represented by the kinetic energy at the tip of the appendage,
and thereby the second objective function is chosen as follows:

ty
=4, / pw?(l, 1) dt (46)

to

where gy and g,, are weighting factors for the slewing and vibration
energy.

Combined with the time-domain finite element modeling method,
the first objective function can be converted as follows:

i
Jy =tIe/ {o)? = 20(1)0, + 02} dt

to

0"Ko
:qe{ — —2M10+9§tf} 47

where

[M];, = / 0,¢; dt
At

Similarly, the second objective function can be representedusing
the tip motion of the flexible mode

B =q,w" (OMw(l) (48)
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Let us define the performance index as

J= XZ: J (49)

i=1
or it can be expressed in terms of 6, as follows:
J = 0; Tuu 0:1 - 2% E[Tou + %9;17 (50)

where

T = 0’ 00
0 0

OT
A, 0
A, = 0 0 (51

The feedback gains can be obtained through the optimization
procedure with the preceding augmented performance index. The
analytic gradients of the performance index used in the optimiza-
tion are summarized in the Appendix. The optimized control gains
depend on the final target angle. There are many space applications
where the fixed targetangle is assumed, and the proposed optimiza-
tion scheme can be used for a variety of slew maneuvers.

V. Numerical Results

In this section, several numerical results are providedto verify the
parameter optimizationmethod developedin Secs. IIl and IV. Major
configuration parameters of the flexible space structure model are
listed in Table 1, and the parameters for the time-domain finite ele-
ment analysisare summarized in Table 2. Dynamic analysesare per-
formed using the one-fifth reduced-ordertime finite element model
(FEM) to show the effect of substantial model reduction in time.

Figures 1 and 2 show the results for the closed-loop response us-
ing the constant gain feedback control law. The term conventional
FEM means the space-discretizedfinite element modeling. In con-
ventional FEM, we used the space-discretized FEM to obtain the
matrix differential equation with respect to the generalized coordi-
nates, Mg + Kq =Fu, where the matrices M and K are obtained
using the spatial discretizationof the flexible appendages. After that,
the time response is obtained by using a simple numerical integra-
tion with the selected gain set.

The selected feedback gains are g, =116, g, =23, and g3 =97,
respectively. A relatively large number of finite elements (n =133)
is used to simulate the system, because the time response of the
systemreflectsa lot of fluctuationat the transientstage. This requires
dense time points and many time modes to represent the response
well. Figures 3 and 4 show the results for the closed-loop system

Table1l Configuration parameters
for the flexible space structure

Parameter Value
Radius of hub 0.2000 m

Hub moment of inertia 1.2732kg - m?
Density of appendage 2800 kg/m?
Young’s modulus of appendage ~ 7.5842 X 10'° N/m?
Thickness of appendage 0.0020 m
Width of appendage 0.0635 m
Length of appendage 0.8100 m

Table2 Parameters for optimization

Gain go=1,gn=5 qo=5qgu=5 qo=25qu=>5

g1 76.2073 104.2416 182.1862
) 37.6502 35.9076 40.4663
8 63.4303 34.2117 23.7496
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Fig.2 Three-dimensional plot for constant gain control.

response using the tracking control law. Open-loop control input
is used to derive the reference maneuver. The reference maneuver
results from the torque shapingusing the Fourier series optimization
with the coefficients of the series expansion2* Note that the rest-to-
restmaneuver guaranteeszero initial displacementfor both slew and
flexible modes. Because the adopted control law is obtained based
on the Lyapunov stability theory, a wide range of the gain set can
be picked up to constitute a stabilizing tracking control system. The
gainsetis selectedto simulate the dynamicresponseof the systemas
g1 =500, g, =30, and g3 =3, respectively. It is seen from Figs. 3
and 4 that the dynamic motion of the system can be accurately
described with only a few time modes (n =40).

Figure 5 shows the performance of the tracking control law
with the proposed optimization method that minimizes the selected
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performanceindex. Weighting factors are chosen so thateach objec-
tive function may have the same order of value: go =1 and g,, =5.
Compared with the nonoptimizedresults, the optimizedresults show
better performancein both slewing and vibration control, especially
in the latter case, smoothing the high-frequency regions of the vi-
bratory mode and gaining high damping ratio. Figure 6 shows the
optimized slewing and vibration suppression performance of the
structure with various weightings between the individual control
objectives. The results of heavy weighting, ¢4, on slew performance
show rapid maneuvers to the target angle while degrading the vi-

bration characteristicsof the appendage.
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VI. Conclusions

This paper presents a design method adopting the Lyapunov con-
trol theory combined with time-domain finite element analysis. Two
types of Lyapunov control laws are investigated. They are based
on the open-loop dynamics in the slew maneuver of flexible space
structures. Optimization of the feedback gains is shown as a cogent
application for the partial state feedback system. Once the system
dynamics is modeled using the time-domain FEM, the ensuing op-
timizationis scheduled by a step-by-stepmethod using a systematic
way of constructing the performance index and its derivatives with
respectto the design variablesin terms of the time-domain state vec-
tor. A general performance index based on the energy concept can
be obtained easily by using time FEM. Also, the derivatives of the
performance index can be expressed analytically for more accurate
and efficient optimization. The gradient information with respectto
each feedback gain has a much simpler form compared with that
given by the conventional eigenvalue analysis. The optimization
procedure applied to the slewing of the flexible space structure can
be done systematically without violating the time-based model re-
duction structure of the time-domain FEM. The model reduction
technique has already been verified useful as a time saving and ac-
curate method in this particular modeling technique.

Appendix: Analytic Expressions of the Gradients

Analytic gradients of the performance index shown in Sec. IV
can be obtained as follows:

T T
J de de
d_ = (_‘l> T;luou - 2(_”) Ez (Al)

Detailed derivatives of the individual terms in Eq. (A1) with respect
to each gain are

F, T,
d;o" =Tu—l{& _hgu} (A2)
dg; dg; dg;
(o1T 2¢,CTF.
ar, 2T, F,+2f)1(K/EI)F, ar, g
dg; o ’ dg, 0
iF [—2g,{[(I* = r*)/3]M + X" M}F,
Sla _ 0 (A3)
dgs 0
2—(T"Ty,) 0 0
dT dg]( 0 0)
—4 — . (A4)
dg; 0 00
0T
d K K
—(T'T) =—T) + T — A
dgl(oo) EI'° O El (A5)
L(rrn)=ctn + 17 C (A6)
dg>
13 — 3
L) = (v x7m )7,
dg; p
13 _ r3
-T7 M+X"M (A7)
P

where X = P:;{H11,44 - 1ﬂ11,3492_21 l*’34,44}1),,”"[
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